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Definition

LetI =[a,b] and f:1-1Rbe a bounded function.

The lower and upper integrals off on I are
L(1: =sup3L(f;P):PtP(II)
U(f1: =mf)5(f;P):Pt0(2))

Here, L(f;P): =zif (f(x:x(TXk -1,417)(X) - X,1)
U(f;p): =2sup(f(x):Xt[x(,xk7/(X) - Xr)

Theorem

·L(f) ->U(f)

·

Lif) =5() if and only ifi isRiemann integrable.
In this case, (bfdx =(t) =5(f).



Example 1.
x

f(x) =((,0x3)
2. or
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2,1X52

... a
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For any 30, we define

Pg i =(0, 1, 12,2).

Then L(f;P3) =(x) +3x1 +4- 3)x2 =1 +2 +2-22 =3 - 5

((f;P2) =(x1 +9xz +(1- 2)x2 =1 + 23+2 - 23 =3.

Then L(353 and UH313.

Since L(f) <W(f), L() =w() =3.

Therefore, J. edx =3.



Example 2. X

1--- -

f(x) =x, Xt[0,11. "
For anyn-N, we define

0 .7.00 3

Pi = =(0,t, ..., Z,1)

L(f;Pn) = z t.h =hE- =hnTe

= n- 1

24

=Ex - h)

Ulf;Pu) = z. t
=
1zk =hlt

2

=n+1
=t(1+h)

By def,

7(f) =sup)((f; P):PCP(2))

> sup 3L (f; Pul:n tN) (PnintN)cP(I)
=sup(z - h)= A P.

Similarly, US1 it



Since Ii4sf) -30()?I, L( =0 (1 =1.
tene .xdx =t



Example 3:

f(x) =7
1, Xt&150, 1,
0, XED'r[0, 1.

For any partition P ofI, by the density ofa
sup(f(x): x-[X(,xk1) =1 for any R.

Thus U(f;R) = 1.(41 -x(-1) =E(p-X-
Therefore, U(f) =1

Similarly, by the density ofRC,
if(f(x):x7[Xp -1,x() =0 for any k.

Then LC; P) =10(xp4k-) =0.
k=1

Therefore, (H) =0.

Since ((f1 =0 = =U(f), f is notintegrable

XBanitheiomameansevents,
and



Since&iscountable, we can enumerate

R =(x,X2,X3,... ].

For any 950, letin be the rectangles with

side lengths and
Since Pushcovers the region

under of

Intuitively, o & fealf).s Area(R)
=z =1.

Since I can be arbitrarilysmall,

Aren't) should be 0.

so we expect)! fadx =0
Butin the settingofRiemann integral, is

not integrable. That means there is some

shortcoming in this setting.

Infact, we have 'Lebesque iteral' where of

isintegrable. (See MATH4050 Real Analysis)


